Stochastic Geometric Models for Green Networking by Altman, Eitan et al.
HAL Id: hal-01245024
https://hal.inria.fr/hal-01245024
Submitted on 18 Dec 2015
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Stochastic Geometric Models for Green Networking
Eitan Altman, Cengis Hasan, Manjesh Kumar Hanawal, Shlomo Shamai
Shitz, Jean-Marie Gorce, Rachid El-Azouzi, Laurent Roullet
To cite this version:
Eitan Altman, Cengis Hasan, Manjesh Kumar Hanawal, Shlomo Shamai Shitz, Jean-Marie Gorce, et
al.. Stochastic Geometric Models for Green Networking. IEEE Access, IEEE, 2015, 3, pp.2465-2474.
￿10.1109/ACCESS.2015.2503322￿. ￿hal-01245024￿
1
Stochastic Geometric Models for Green Networking
Eitan Altman1, Cengis Hasan2, Manjesh K. Hanawal3, Shlomo Shamai4,
Jean-Marie Gorce5, Rachid El-Azouzi6, Laurent Roullet7
1INRIA, 2004 Route des Lucioles, 06902 Sophia-Antipolis Cedex, France
2The University of Edinburgh, School of Informatics, EH8 9AB, United Kingdom
3Department of ECE, Boston University, USA
4Department of Electrical Eng., Technion, Haifa, Israel
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Abstract—In this work, we use a stochastic geometric approach
in order to study the impact on energy consumption when
base stations are switched off independently of each other. We
present here both the uplink and downlink analysis based on
the assumption that base stations are distributed according to
an independent stationary Poisson point process. This type of
modeling allows us to make use of the property that the spatial
distribution of the base stations after thinning (switching-off)
is still a Poisson process. This implies that the probability
distribution of the SINR can be kept unchanged when switching-
off base stations provided that we scale up the transmission power
of the remaining base stations. We then solve the problem of
optimally selecting the switch-off probabilities so as to minimize
the energy consumptions while keeping unchanged the SINR
probability distribution. We then study the trade-off in the
uplink performance involved in switching-off base stations. These
include energy consumption, the coverage and capacity, and the
impact on amount of radiation absorbed by the transmitting user.
I. INTRODUCTION
Green networking is often referred to as the practice of
selecting energy-efficient networking technologies and prod-
ucts, and minimizing resource use whenever possible [1].
The energy consumed for mobile networks causes around 2%
of total carbon emission [2]. Moreover, more than 50% of
the energy consumption is directly attributed to base station
(BS) equipment and 30% more to mobiles switching and core
transmission equipment [3].
Green networking covers all aspects of the network (per-
sonal computers, peripherals, switches, routers, and communi-
cation media). Energy efficiencies of all network components
must be optimized to have a significant impact on the overall
energy consumption by these components. Consequently, these
energy savings through “green networking” will reduce CO2
emissions and thus will help mitigate global warming [4].
Growing awareness to dangers related to large scale energy
consumption, international agreements as well as legislation
have reduced energy consumption in several sectors [5]. There
is also a growing willingness to reduce energy consumption
in wireless networks. One simple method for a network
operator to reduce energy consumption, which is also easy
to implement, is to reduce the number of active base stations
(BSs). However, this can reduce the network quality of service
(QoS) and also alter the amount of power emitted by the
mobile nodes– if a BS goes inactive or switched-off, then
mobile nodes served by this BS reconnect to their next nearest
BS and are required to transmit more uplink power to maintain
connectivity. In this paper we study the effect of switching-off
a fraction of BSs on the uplink and downlink power and the
network quality of service (QoS).
The amount of power transmitted by the BSs (downlink
power) or the amount of power transmitted by the mobiles
(uplink power) depend on relative position with each other
and also on the required QoS. We use stochastic geometric
approach and model the locations of BSs and mobiles as
homogeneous independently marked Poisson point processes.
This approach, introduced in [6]–[8], has been demonstrated
to predict the network performance well while being more
tractable than the traditional grid-based models. We use this
modeling approach for both uplink and downlink and use
signal to interference and noise ratio (SINR) based QoS that
is expressed in terms of the spatial parameters.
In our analysis we use the property that the spatial distribu-
tion of the BSs after thinning (switching-off) is still a Poisson
process. In the downlink analysis this implies that the proba-
bility distribution of the SINR can be kept unchanged when
switching-off BSs provided that we scale up the transmission
power of the remaining BSs. We aim to obtain a switch-off
probability that minimizes the energy consumptions in the BSs
while keeping the SINR probability distribution unchanged. In
the uplink analysis, we study the effect of switching-off BSs
on the amount of power transmitted by the mobiles and the
coverage. This includes another aspect of what we consider
as green networking, that of minimizing the average uplink
transmitted power, as the latter is proportional to the amount
of energy that our body is exposed in communications by
wireless terminals. Standards on the maximum amount of
permitted radiation to the humans exist (see [9]) due to the
awareness that the radiation can cause health problems [10].
We compute the impact of these standardized uplink radiation
bounds on the system coverage.
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II. RELATED WORK
Several works focus on the BS deployment in order to
reduce power while taking into account the Capital Expendi-
ture (CapEX) and Operational Expenditure (OpEx) [11], [12].
Other references deal with improving the energy efficiency in
order to accomplish the same task with less energy. Several
solutions aiming at reducing power from BS may be divided
into different types as following
• Increasing the number of cells in order to reduce the
cell size leading to a reduction in the average transmitted
power. This approach is more efficient for indoor network
[13], [14].
• Femto-cells and indoor distributed antenna systems us-
ing MIMO channel: This architecture is used to reduce
co-channel interference introduced by frequency reuse
among the femto cells and maintain high spectral effi-
ciency [15].
• Cooperation at the BSs level: In [16], the authors show
how the degree of redundancy of a network may reduce
the power. The authors propose an approach based on
cooperation between BSs in order to minimize the active
number of BSs while satisfying the minimum required
quality of service and minimum coverage. Cooperation is
also possible when using C-RAN (Cloud Radio Access
Network) via a backhaul, see [17] for a short timely
tutorial.
This paper summarizes results that appeared in several con-
ference proceedings [5], [18] (as well as some material from
[19], [20]).
III. POINT PROCESSES PRELIMINARIES
Stochastic geometry is a rich branch of applied probability
which allows the study of random phenomena on the plane or
in higher dimensions. It is intrinsically related to the theory of
point processes [6]. A point process (p.p.) Φ can be depicted
as a random collection of points in space. More formally, Φ
is a random, finite or countably-infinite collection of points
in the space Rd, without accumulation points [7]. A point
measure is a measure which is locally finite and which takes
only integer values on some space E. Each such measure can





The random variables {Xi} taking values in E are the points
of Φ. The intensity measure Λ of Φ on B is defined as Λ(B) =
E[Φ(B)] denoting the expected number of points in Φ∩B. For
some dx, if Λ(dx) = λdx is multiple of Lebesgue measure,
we call Φ a homogeneous p.p. and λ is its intensity parameter
[7].
A. Poisson Point Processes
A p.p. on some metric space E with intensity measure Λ
is Poisson if for all disjoint subsets A1, . . . , An on E, the
random variables Φ(Ai) are independent and Poisson.
B. Marked Point Processes
In a marked point process (m.p.p.), a mark belonging to
some measurable space and carrying some information is
attached to each point. In our context, the points are the BSs




We consider a homogeneous independently marked Poisson
point process (i.m.P.p.p.) of BSs. Assume that each of these
BSs transmits with power P . We show by Φ the i.m.P.p.p with
intensity measure λ.
Consider a mobile at an arbitrary point on the plane, say
the origin. Let p0 denote the point in Φ which is the closest
to it, represents the BS to which it is connected. Let |xi| be
the distance of pi to the origin. We assume attenuation due to
a path-loss. The power of the transmission received from p0
is thus given by P |x0|−α. The total interference from other
BSs is
∑





i>0 |xi|−α + σ2
(2)
where α and σ2 stand for path loss and additive noise variance,
respectively.
B. Switching-off Base Stations
The aim of the network operator is to minimize the total
power spent in the system. We consider a scenario in which
network operator tries to achieve this goal by turning-off a
fraction of BSs. For example, turning-off those BSs when a
number of mobiles served by them is small. However, the
load on the BS can change dynamically and the duration for
which the BSs are turned-off can be much longer than the
duration over which the load on the BSs can change. So, the
operator can decide to switch them off randomly. We denote by
q the probability with which the operator decides to keep a BS
turned-on. Let Φq denote the homogeneous i.m.P.p.p. obtained
from the original one by deleting independently points with
probability 1 − q. Deleted points correspond to BSs that are
switched off. The intensity measure of Φq is λq = qλ. This is
called the thinning property of the Poisson p.p. [7].
Define w(q) = q when considering the problem on the line,
and w(q) =
√
q on the plane [7]. Now, the point process {yi}
where yi = xi/w(q) is obviously a homogeneous i.m.P.p.p
with parameter qλ. Therefore, if we replace all xi in (2)
by yi and replace P by P ′ then we can interpret the SINR
that is obtained as one corresponding to a network where
BSs are located according to a homogeneous i.m.P.p.p with
intensity qλP , BSs are the switched off with probability 1−q
independently, and the power of each BS is increased replaced
by P ′.
Now if we choose P ′ = Pw(q)−α then the SINR is seen
to remain unchanged. We conclude that if BSs are switched
off with probability 1− q then the transmission power of the
BS has to increase by w(q)−α in order for the distribution of
the SINR to remain unchanged.
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C. Optimal Switching-off Probabilities
Assume that the power used by a BS that transmits at a
power P is given by P0 + βP . We consider some operational
costs which arise from overhead assumed to be constant. Here,
the power consumed due to operational costs is represented by
P0. We also suppose that β ≥ 1. Then the power consumption
density of the original network is λ(P0 + βP ).
1) The line: We are interested to see what is the gain in
energy by switching-off BSs (independently) with probability
(1 − q), given that at the same time we increase the trans-
mission energy to compensate for decreasing the resources
in a way that the probability distribution of the SINR are
unchanged.
After switching-off BSs, the power consumption density of
the network is
qλ(P0 + βP
′) = qλ(P0 + βPq
−α). (3)
So that the gain in power consumption density is
G(q) = λ(P0 + βP )− λq(P0 + βP ′)
= λ(P0(1− q) + βP [1− q1−α]).
(4)




= −P0 − (1− α)βPq−α = 0 (5)
which gives











2) The plane: We calculate by the same way the power
consumption density of the network after switching-off BSs
qλ(P0 + βP
′) = qλ(P0 + βPq
−α/2). (7)
The gain in power consumption density is given by
G(q) = λ(P0 + βP )− λq(P0 + βP ′)
= λ(P0(1− q) + βP [1− q1−α/2]).
(8)




= −P0 − βP (1− α/2)q−(α/2) = 0 (9)
which gives












In this section, we compare the optimal switching-off prob-
abilities with respect to path loss α for different operational
costs P0, and we also match the optimal switching-off prob-
abilities in terms of β for some α. Moreover, gain in power
consumption is compared with respect to α for different P0.
In Figure 1 and 2 [PP 1 and 2], we depict the change of
switching-off probabilities in terms of path loss α. From the
figures, we observe that for higher path loss values, the number
of switched off BSs is decreased. In other words, we need to
keep more BSs switched on. Also, for the same path loss
value optimum switching off probability is higher for higher
P0. That means, the switching-off strategy tells us to remove
BSs with a higher probability for higher P0. On the other
hand, if we compare the optimal switching-off probabilities
with respect to the dimension (line or plane), we remark that
it is necessary to switch on more BSs.
We depict in Figure 3 and 4, [PP 3 and 4] the comparison
of switching-off probabilities in terms of β for α = (2.5, 4, 6).
We interpret that for higher values of β the number of switched
on BSs is increased. Furthermore, in case of plane the used
switched on BSs is higher than that of line.
In Figure 5 and 6, [PP 5 and 6], the comparison of gain
in power consumption G(q∗) with respect to α is given. We
calculate G(q∗) in terms of optimal switching-off probabilities.
It is assumed to be unit intensity parameter λ. We observe
that as long as P0 increases, the obtained G(q∗) increases.
This means that for high operational costs the gain in power
consumption by switching-off BSs is also high.
Fig. 1. The change of optimal switching-off probabilities with respect to path
loss in case of line
V. THE UPLINK
A. Model & Performance Analysis
We consider a cellular network in which OFDMA is the
access method. The study shall be performed on a particular
resource unit consisting of one time slot and one frequency
band. The mobiles are Poisson distributed with intensity β as
well as BSs are Poisson distributed with intensity λ, both of
which are assumed to be independent. We assume that each
mobile connects to its nearest BS, and the random variable
L represents the distance between a mobile and its closest
4
Fig. 2. The change of optimal switching-off probabilities with respect to path
loss in case of plane
Fig. 3. The change of optimal switching-off probabilities with respect to β
in case of line
BS. Initially, we consider that the mobiles are highly rare
which might be interpreted as the traffic is quite low. Thus,
the interference can be neglected. Afterwards, we study a more
complex model that takes into account the interference.
Assume that the network operator keeps only a fraction of
0 < q < 1 BSs switched-on during which the traffic is low and
Fig. 4. The change of optimal switching-off probabilities with respect to β
in case of plane
Fig. 5. The gain in power consumption with respect to path loss in case of
line
switches-off the remaining. We analyze the cases where the a
call-duration is relatively much shorter than the time during
which the BS is switched-off, or the network load changes
quickly. In such a situation, using the following mechanisms
might not be useful: a mechanism looking at the present state
of the network for determining the station that has to turn to
sleep mode and the network operator selects a BS to switch-off
5
Fig. 6. The gain in power consumption with respect to path loss in case of
plane
independently of the others.
Assume that the distance between a mobile and its nearest
BS is l. It is well known that the probability of having no a
BS within an d-dimensional ball of radius l is exp(−λV (l))
where V (l) is the volume of a d-dimensional ball with radius
l. Particularly, in case of a line, i.e., (d = 1), then V (l) = 2l;
and in case of plane, i.e., d = 2 it becomes V (l) = πl2.
Let us represent by p ≤ pm the transmission power of a
mobile, where we set a maximal power limit given by pm. Let
us call it as green limit threshold; its value is decided by health
considerations: it is a power limit under which human body
will not be in health related risks. We assume a power control
mechanism where p = p(l) is controlled in the following way:
a target SNR, η, is reached at the nearest BS which is in
the distance l. Let p(l) be the lowest transmission power that
assures the required SNR.




where σ2 is the noise variance and a is the path loss exponent.
If p(l) > pm then, we assume that an outage occurs. In case
of the line, we assume that a > 1, and in case of the plane,
a > 2. Inverting equation (11), we obtain p(l) = σ2ηla. We









We consider the following frameworks to react to outage:
• (i) No transmission (NT): there is no transmission when
a mobile is not covered, or
pnt(l) =
{
σ2ηla if l ≤ lm
0 otherwise
(13)
• (ii) Always transmit (AT): Transmission occurs at the




σ2ηla if l ≤ lm
pm otherwise
(14)
This is equivalent to pat(l) = min(σ2ηla, pm).
B. Uplink Power and Coverage Probability
Let us represent by ∆(λ, lm) the expected uplink power,
i.e.,




where B(l) is the ball of radius l at the origin. In the following,
we calculate the expected power transmission of a mobile.
Proposition 1. In the NT framework, the expected power
transmission of a mobile, on a line, is given by



















where WM(·, ·, ·) denotes the WhittakerM function. In case of
























In the AT framework, the expected transmission power is
given by
E[p(L)] = ∆nt(λ, lm) + P (L > lm)pm





The proof of the above proposition and that of the next
corollary is direct, except for the expressions for ∆(λ, lm) for
which we thank Maple.
Assuming no bound on the transmission power of mobiles,
and denoting the expected power in this regime as ∆(λ), we
have the following corollary.
Corollary 1. As pm →∞, we have for the line:
∆(λ) := lim
l→∞
∆(λ, l) = σ2η(2λ)−aΓ(a+ 1)








Let us suppose that a mobile is covered, if it is connected
to a BS within a distance of lm from any BS, otherwise it
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will not be covered. The expression for coverage probability
is given in the following proposition.
Proposition 2. The coverage probability at the target SNR is
given by
c(λ, lm) = 1− Pr{L > lm} = 1− exp(−λV (lm))
in both regimes.
C. Effect of Base Station Deactivation
Recall that q is the probability that a given BS switched-on
(Subsection IV-B). Not that the expected power transmitted by
any mobile can be given by ∆(qλ, lm).
The Figure 7 depicts the change of ∆(qλ, lm) with respect
to q for the “no transmit” (NT) scenario in a plane. Note
that if the number of switched-off BSs increases, i.e., q  1,
meaningfully, the probability that a mobile connects to a BS
decreases. Thus, as expected, the mobiles transmits no any
power in the NT case. This leads to decrease in the expected
power near origin in the above plot. However, the coverage is
very poor in this region. This is also shown in Figure 7.
The term ∆(λ, lm) is average of all potential calls with
regards to the distance to the BS, including those that are in
outage conditions. We shall be more interested in measures
that characterizes successful calls. To this end, we define the




which represents the average uplink power per successful call
while the density of the BSs is λ. For the AT framework,
it becomes Jat(λ) = ∆at(λ, lm). The change of Jnt(qλ) as
function in q is shown in Figure 7. Note that Jnt(qλ) decreases
with respect to q meaning that less uplink power is transmitted
per successful call when the density of the BSs increases.











q (turn on probability)
 
 
∆n t(qλ , lm) ∆(qλ ) c (qλ , lm) Jn t(qλ )
Fig. 7. Expected Uplink Power, Coverage and Successful calls: σ2 =
0.01, η = 35, λ = 1, a = 2.5, pm = 1
D. Exponential Attenuation
In this subsection, we relax the assumption that mobile
nodes are sparsely distributed. Unfortunately, in this case,
the analytic expressions considering the interference are not
tractable when the attenuation is expressed using the path
loss model. To get better insights, we consider the absorbing
channel model instead of path loss model as former is more
amenable to analysis when interference is non-negligible. As
we will see later, absorption channel model allows to express
interference through a recursion and to apply techniques from
stochastic difference equations to derive tractable expressions.
Specifically, we assume that the power received at a distance
of D from a transmitter is given as exp(−ξD) times the
transmitted power, where ξ > 0 is the attenuation factor. (e.g.,
under humid air conditions, the attenuation is exponential in
distance). As earlier, we continue to assume that each mobile
connects to a nearest BS and adjusts its power to maintain
SNR of η, i.e., a mobile at a distance l from BS transmit




If pm is the maximum power that each mobile can transmit,
then inverting the above equation, we get the corresponding






the calculation for expected uplink power we have the follow-
ing. On the line








exp{(ξ − 2λ)lmax} − 1
}
, (17)
and on the plane





























Note that the coverage probability remains unchanged for a
given lm. The behavior of expected transmitted power when
a fraction of BSs are switched-off is same as in the case of
path loss model.
E. Accounting for the Interference
We next take into account the total interference in analyzing
the power emitted by the mobiles. For analytic tractability
we focus on a simple linear model and make the following
assumptions:
• The BSs and mobiles are distributed on a line at loca-
tions that form Poisson process with parameter β and λ
respectively, and are independent of each other.
• Mobiles are not power constrained. Each mobile transmits
at a power that guarantees a target SINR of η. Thus for
a mobile that has a nearest BS at distance y where the
interference level is I , transmits at power
p(y) = (σ2 + I)η exp(ξy) (19)
where σ2 is the noise level at the receiver.
• BSs have directional antenna. All the antennas transmit
towards the east. (e.g., to communicate with vehicles
going in that direction.) Then it is also natural to consider
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directional receiving antennas at the BSs that would
receive signals from west.
• A BS is restricted to receive one call at a time on a given
resource (frequency or time). Therefore if a BS is at the
same time closest to two mobiles, then some fair criteria
will decide which one will be chosen to transmit first.
• We focus on one resource (in time/frequency). Once the
resource is assigned to a mobile by a BS then it is
reserved so that no other mobile within radius R of the
BS will get this resource. (We allow for R = 0 in which
case there is no resource reservation). Such reservation is
useful in pico-cells as it facilitates fast switching between
neighboring pico-cells.
Blocking Rate. Consider an active mobile at location dn.
Let yn denote its distance to the nearest BS. By the resource
reservation assumption, the BS at dn+yn reserve the resource
for the active mobile at dn, and all the mobiles between
dn and dn + yn + R are blocked and thus cannot transmit.
Location of the next mobile that can transmit is then given
dn+1 = dn + yn + R + xn, where {yn}n≥1 and {xn}n≥1
are homogeneous Poisson processes of intensity λ and β,
respectively, and are independent of each other. Then it is easy
to note that the expected distance between two consecutive
transmitting mobiles is E[yn] +E[xn] +R = 1/λ+ 1/β+R,








which is the harmonic mean of λ and β (when R = 0). The
blocking rate is then β − γ.
The interference. The total interference In for n-th active
mobile is sum of the received power at location dn + yn from
all the active mobiles at locations {di, i < n}. The absorption













exp(−ξ(xn−1 + yn +R))
= An−1In−1 +Bn−1, (21)
where
An−1 = (1 + η) exp(−ξ(xn−1 + yn +R)), and
Bn−1 = ησ
2 exp(−ξ(xn−1 + yn +R)).
We note that the two component random vectors (An, Bn) are
i.i.d. and their expected value is the same for all n given as
E[A] = (1 + η) exp(−ξR) βλ
(ξ + β)(ξ + λ)
E[B] = (ησ2) exp(−ξR) βλ
(ξ + β)(ξ + λ)
.















Further, if the following condition holds
1 + η < exp(ξR)











Bn−j−1 for all n ∈ Z (24)
is the finite stationary solution of (21).
Proof. (An, Bn) are a sequence of i.i.d, non negative and finite
random variables. Under the assumption (23), we obtain
logE[A] = log(1 + η) exp(−ξR) βλ
(ξ + β)(ξ + λ)
< 0.
Further Jensen’s inequality yields E[logA] ≤ logE[A] < 0.
Also E[logB] <∞. Hence the condition (6) in [21][Thm 2A]
holds and the result follows.






exp(ξR)( (ξ+β)(ξ+λ)βλ )− (1 + η)
For the case where there is no resource reservation, i.e., R = 0,





















Next we obtain the expression for expected power as stated in
the following corollary.














where E[In−1] is given by (2).
Proof. For any given In and yn from eq. (19) we have
pn = η(σ
2 + In) exp{ξyn}
= η(σ2 +An−1In−1 +Bn−1) exp{ξyn} (28)
= η(σ2 exp{ξyn}+ (1 + η)In−1 exp{−ξ(xn−1 +R)}
+σ2η exp{−ξ(xn−1 +R)}) (29)
where (28) follows from (21), and (29) follows from (V-E).
Note that In−1 does not depend on xn−1. Taking expectation
on both sides in (29) and recalling that yn and xn are
independent and are exponentially distributed with parameter
λ and β respectively, we get the desired result.
We are now ready to study the effect of switching-off a
fraction of BSs. In Figure 8, we plot the expected power as
a function of turn-on probability q, for different values of β.
It is interesting to note that the expected power is increasing
when more and more BSs are turned on while in the case of
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no interference (see Figure 7) it is decreasing. However, as
see from equation (20), the blocking rate improves (i.e., lesser
mobiles are blocked) as q increases.




















Fig. 8. Expected power as function of q: with λ = 3, η = 0.2315, ξ =
1σ = 0.01, R = 0
VI. CONCLUSION AND DISCUSSION
In this paper, we studied the effect of energy saving mech-
anisms in networks through deactivation of base stations. We
considered a specific scenario where the network operator ran-
domly deactivates each of the BSs and provided some insight
on the effect of switching-off BSs on both the uplink and
downlink energy transmissions. We presented both an uplink
and a downlink analysis, based on a stochastic geometric
modeling. The optimal switch-off probability was computed
so as to minimize some cost function. Our analysis included
some aspects that are usually not accounted for, such as the
exposure of the user to power radiation in the uplink, and the
impact of limiting this radiation on the system coverage.
There are various ways in which the analysis in this paper
can be applied. Indeed, many of the results that were obtained
for a cellular network context will also hold in a context
of Internet of Things (IoT) in which sensors or actuators
replace the cellular terminals. We shall study in the future
(i) the adaptation of these ideas to IoT and (ii) the impact
of Radio-Units switching-off in C-RAN networks. Note that
the performance impact is exactly the same as happens if the
fronthaul/backhaul link is not available. See [22].
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APPENDIX A: WHITTAKERM FUNCTION
















where W ′ := dW/dz, and it is defined as the following
hypergeometric series
WhittakerM(k,m, z) = zm+1/2 exp{−z/2}
∞∑
n=0
(m− k + 1/2)n
n!(2m+ 1)n
zn,
where (m)n := m(m+ 1) · · · (m+ n− 1).
APPENDIX B: LOMMELS2 FUNCTION
LommelS2 function arises as one of the solution to the
following differential equation
z2W ′′ + zW ′ + (z2 − ν2)z = zµ+1,
where W ′ := dW/dz.
